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rings rather than disks have been examined and the
results show that all three models can be utilized in
determination of this orientation. However, no unam-
biguous indication of which is the best function to
use emerges. This may indeed mean that all models
used, which by their nature are gross approximations
to the actual structure under study, suffer equally
from this approximation, with local variations in par-
ticular calculations favouring one or the other. The
reasonable results obtained using the ‘selective’ hoop
and ring models in the simulated cases suggest that
further pursuance of the location of several planar
groups simultaneously and selectively (on bond
lengths/interatomic vector distributions) may be
fruitful and work is continuing on this possible
development of the ideas advanced here.
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Abstract

All 2571 permutational colour space groups G'”’=
TMG® isostructural to the 230 space groups are
tabulated and classified. The method for constructing
these groups is described. The permutational rep-
resentation D¥  associated with each G'7 is given
in order to make the physical applications easier. The
group-theoretical criteria of the Landau theory have
been checked in connection with the colour space-
group application in phase transition analysis. Com-
parison with the results of other authors is given.

1. Introduction

The theory of crystallographic colour groups is a
relatively new group-theoretical approach in the
description of the structure and physical properties
of crystals (see Shubnikov & Koptsik, 1974). Many
problems of solid-state physics connected with the
determination of the relationships between the sym-
metry group of the crystal, its subgroups, factor
groups and their representations can effectively be
solved using the colour-group theory and the corre-
sponding tables of groups. The interpretation of the
Landau theory of continuous phase transitions in
terms of the permutational colour groups can be given
as an example. It is based on the results of Koptsik
& Kotzev (19744, b), and Kotzev (1975) and is pub-
lished in a series of papers (Kotzev, Litvin & Birman,
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1982; Litvin, Kotzev & Birman, 1982; Kotzev, Koptsik
& Rustamov, 1983).

A historical review of the colour-symmetry theory
is given in the monograph of Shubnikov & Koptsik
(1974) and the recent article by Schwarzenberger
(1984). Therein a comprehensive list of the most
important papers in this field (including the works of
Heesch, Shubnikov, Belov, Wondratschek, van der
Waerden & Burckhardt, Zamorzaev etc.) can be
found. The most general theory covering all possible
kinds of generalized (colour) groups was advanced
by Koptsik & Kotzev (19744, b) (see also Koptsik,
1975; Kotzev, 1975, 1980).

The groups to be discussed in the present paper
are a special type of colour group, the P-type permu-
tational colour groups, or ‘colour groups’ for short.

Unfortunately, the derivation and tabulation of all
the colour groups is too complicated. The number of
the colour point groups is finite and all these groups
have been derived and published (e.g. Shubnikov &
Koptsik, 1974; Koptsik & Kotzev, 1974a; Harker,
1976; Litvin, Kotzev & Birman, 1982). The colour
space groups can be subdivided into two types: (i)
groups with colour-preserving translation subgroup
T'V - their number is finite and all of them have been
derived by Kotzev & Alexandrova (1986); and (i)
groups TG with colour translation subgroup
T containing a maximal colour-preserving one TV
of index n,=2. The list of these groups is finite for
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each fixed index number n = n,n, of colours, but n
is unlimited. Up to the present moment only the
colour space groups with n =2, 3, 4, 6 and separated
classes of groups for higher n have been tabulated
(see § 3 and Koptsik & Kuzhukeev, 1972; Zamorzaev,
Galyarskii & Palistrant, 1978; Harker, 1981; Karpova,
1983).

The colour-group tables for practical applications
should satisfy the following conditions: complete-
ness, reliability and convenience for application. In
this paper complete tables of the derived 2571 permu-
tational colour space groups G*’ = TV G® isostruc-
tural to the 230 space groups and the permutatlonal
representations D& associated with them are glven
Here the number n of the permutated ‘colours’ is
equalto 1,2, 3,4, 6,8, 12, 16, 24, 48. A short report
of the derivation of these groups and their
classification into ‘chromomorphic’ classes has been
given by Kotzev & Alexandrova (1986). The
possibilities for applications in the phase-transition
theory have also been discussed there. It is important
to note the completeness of the present tables - they
contain all possible permutational colour space
groups with colour-preserving lattice, isostructural to
the 230 space groups. Each item in the tables corre-
sponds to a class of equivalent colour groups in
conformity with the equivalence definition accepted
by us (see § 3).

The rest of the present paper is organized as fol-
lows. For the sake of convenience the main principles
of the P-type permutational colour-group theory are
reviewed in § 2. The method of deriving all colour
space groups with colour-preserving translations is
described in § 3. The full list of the 2571 groups
G®=T"G® is included in Tables 1 to 32.

In a future paper (Kotzev & Alexandrova, 1988)
the application of the tables published here to the
analysis of structural and magnetic phase transitions
will be discussed. A detailed comparison of our results
with similar ones of other authors will be given.

2. Permutational colour groups G

Let G be a crystallographic group with elements ge G
and P an arbitrary group with elements pe P. The
P-type colour crystallographic groups G'*’ belonging
to the family of the groups G and P have been defined
(see Shubnikov & Koptsik, 1974; Koptsik & Kotzev,
1974a) as subgroups of the direct product P x G, of
which the elements (p; g) contain at least once all
the elements pc P and ge G as left-hand-side and
right-hand-side components, respectively:

GP ={(p;g)lall pec P,all ge G}c PxG. (1)

From a crystallographic and physical point of view
the colour groups G isomorphicto G, ¢: G G,
£ p; 2)) = g€ G, called ‘minor’ by Zamorzaev et al.
(1978), are most important. We shall call these groups
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G'? ‘isostructural to G’ in order to stress that the
same elements ge G appear in G and G'? [for
example, the four cyclic groups generated by 2, m,_T
and ((12); 1) are isomorphic, but only the groups {1}
and {(12); 1} are isostructural]. The colour groups
isostructural to isomorphic crystallographic groups
G are isomorphic to each other. In this case there
exists a homomorphism =7 from G onto P:

7 G-> P, Kerm=H <G. (2)

Owing to the isomorphism ¢ there exists a colour-
preserving subgroup H'" < G'® such that

H™ ={(ep; h)|identity epc P, he H< G}
c G, (3)
GP/HY =G/H=P.

When P is a transitive subgroup of S,,, a symmetric
group of n objects (‘colours’), the groups G'7’ are
called permutational colour groups.

In this paper we shall consider only permutational
colour groups isostructural to G and for the sake of
brevity we shall call them ‘colour groups’. Histori-
cally, these groups appeared for the first time as
symmetry groups of the general orbit of G whose
points are ‘coloured’ in a definite way by n ‘colours’
(Shubnikov & Koptsik, 1974). In physical applica-
tions of G'®, the colours can represent some physical
property of crystals

Each permutational colour group G'*’ contains a
subgroup H''" the maximal subgroup of G'”, pre-
serving at least one colour unchanged:

H,(p')={( ,; hl) hrengG’p’e P':W(H’)g P}
p

cG™), (4)
HI(P')E ng G.

If H' is an invariant subgroup of G then H''"’ =
HY, ie. it coincides with the maximal colour-
preserving subgroup H of G'. If H' is not an
invariant subgroup of G, then

= () gH'g™

ge G

Core H' =H<G, (5)
where H is the maximal invariant subgroup of G
contained in H'. In this case

Ker 7= H = Core H’, H=H"<G"™, (6)

where H'" is the maximal colour-preserving sub-
group of G'*.

Each colour group belonging to the family of G
and P, and isostructural to G, can be constructed by
pairing each g; € G with its image w(g;)=p;e P S,
(van der Waerden & Burckhardt, 1961):

G ={(m(g); ®)lge G, m(g) = 7 (g) P S,}.
(7)
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The set {m(g)|ge G} is a transitive permutation
representation of G. It can be constructed as a set of
permutations of the left cosets {g;H'} of the coset
decomposition of G with respect to its subgroup H’
of index n:

, H' gH' H’
w(g)=ml (g)=[ &7 , 8 ]
gg H gg:H gg.H
=peP, (8)
P =1Image 78

Hence G'” is uniquely determined by G and its
subgroup H'. Therefore the symbol G(H’) can be
used for identifying the colour groups G'*’. However,
a lot of useful information for G'*’ is missed and
G(H') may be misinterpreted as a symbol of a Shub-
nikov magnetic group G(H) (Bradley & Cracknell,
1972).

It is more convenient to use the ‘full’ symbol
G/H'/H(A, A'), for G'" introduced by Koptsik &
Kotzev (1974a). It contains comtprehensive informa-
tion for the structure of G'”), very useful for
classification and physical applications of these
groups. Here the transitive permutation group Pe S,
is denoted by the symbol (A, A’),.. The abstract groups
A and A'c A with the property Core A'=C, are
isomorphic to the factor groups:

AEG(P)/H“)EG/HEP,

: )
A=H"/HV=H/H=P'cP,

Hence, the transitive permutation representation
w4 is a faithful representation of A and it is identical
to the group P:

Image 78 =Image 74 = P=(A, A),. (10)

The transitive permutation groups (A, A"), serve
as a base of the so-called ‘chromomorphic’
classification of the colour groups (Koptsik & Kotzev,
1974a; Kotzev, Koptsik & Rustamov, 1983). All the
colour groups G/ H'/ H(A, A’), with the same group
of colour permutations (A, A’), belong to the same
chromomorphic class, labelled by the symbol of the
group (A, A’),. They can be constructed using the
same permutation group P=(A, A’), =Image 7},
isomorphic to A.

The transitive permutation representation =5 can
be written in a matrix form, as an n x n matrix DY,
where

1, if ggH'=g;H' or g;'gg;e H’

Dg,(g)ij={ (11)

0, otherwise.

Obviously, D& is the representation of G, induced
by the trivial representation D}, of H', ie. DY =
D41 G, and also D% = D1 A.

At the same time D{ is engendered by the rep-
resentation D3 of its factor group A=G/H, i.e.

TABLES OF COLOUR SPACE GROUPS

D¢ = D4 11 G.[The symbol ‘1* has been introduced
by Kotzev, Litvin & Birman (1982) for labelling the
operation ‘engendering’ the group representation by
a factor-group representation. For the meaning of
engendered and induced representations see, for
example, Jansen & Boon (1967).] Each irreducible
representation D} of G, D} e D¢, is engendered by
some irreducible representation D} of A, D} e D%,
ie. D= DAi11G.

The group G can be either a space group (we shall
use the symbol G) or a point group G = G/ T where
T is the translation subgroup of G. The list of the
colour point groups G*'*, classified in 45 chromomor-
phic classes, is given by Koptsik & Kotzev (1974a)
[see also Kotzev, Koptsik & Rustamov (1983)]. In
the paper of Litvin, Kotzev & Birman (1982) the list
of all 279 colour point groups is given together with
the explicit form of their permutational representa-
tions D& decomposed to irreducible constituents
Dg§.

As has been shown by Kotzev, Litvin & Birman
(1982), the colour groups and their permutational
representations can be effectively applied in the
Landau theory of phase transitions, in the analysis
of tensor fields in crystals (Berenson, Kotzev & Litvin,
1982) etc. All the equi-translational phase transitions
can be analysed by means of colour space groups
with colour-preserving translation subgroup.

3. Colour space groups with colour-preserving
translations

3.1. Description of the groups and their derivation

The colour space groups G'7 to be discussed in
this section and their subgroups H'‘"” and H" have
common maximal translation subgroup 7", which
is colour-preserving;:

T“’={(ep;(i|t)>|(f|t)€ T< G)< GP. (12)

In the full symbol G/H'/ H(A, A’), the groups H'
and H are equi-translational subgroups of the space
group G (with the same translation subgroup T<a G).

Let the homomorphism ¢, Ker ¢ = T, map G onto
its point group G =G/ T. Since H' and H are equi-
translational subgroups of G with point groups
H'=H'/T and H=H/T, respectively, the same
homomorphism ¢ maps the space-group chain onto
the chain of the corresponding point groups:

G > H' = H=Core H'
Lo
GoHA > H =Core H'.

Owing to the isomorphism ¢ between G'* and G a
similar homomorphism ¢, Ker ¢ = T", exists for the

(13)
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colour groups:
GP > H'P = HOV
L T T
GP s BP) > I:I“),
where
GP = GP/TV = é,
H'®) = H'®/ TV = I:I’,
HV = HYY TV=H
The homomorphism ¢ leads to the isomorphisms
é"”/ﬁ“’z GP/HV = A,
ﬁ’”’"/ﬁ"’r_- HP/H = A",

Because of the homomorphism ¢ the 279 colour
point groups G'® play the same role for the colour
space groups G'”’ with colour-preserving translations
as the 32 point groups G= G/T for the 230 space
groups G, ie.

(15)

(16)

(2571) GP > (230) G

1w

279) 6P —— (32) G

where ¢ and ¢ are the corresponding homomor-
phisms (13) and (14). For the sake of convenience
we will use the symbol TG for this type of colour
space groups.

From the isomorphisms (15) and (16) it follows
that both the space groups G'”'=G/H'/H(A, A'),
and their point groups 6P = G/H/H(A A'),
belong to the same chromomorphic class, one of the
45 classes (A, A'),. This can be represented by the
following homomorPhlsm diagram, where Ker ¢ =
H" and Kery = H

(2571) G ——=— (279) GP

N\ /

(45) (A, A",

This diagram is commutative, ie. ¢=J)o &, and
represents the following mappings:

W[GP1=d0°¢[GP1=d[GP)=(A A),. (19)

Hence, the ‘inverse image’ G'” = ¢ "'[(A, A"),] can
be constructed in two steps, G =y "'[(A, A'),] and
G'P = ¢ '[G'P], respectively. The first step has been
reahzed by Koptsik & Kotzev (1974a) [see also the
tables of Litvin, Kotzev & Birman (1982)]. The second
step is reduced to the following procedure (Kotzev
& Alexandrova, 1986).

(18)

1085

Each of the 230 space groups is expressed as a
union of cosets with respect to the translation sub-
group T:

<]
G= LJl Tg, g =(&ln), (20)
where 7, i=1,...,|G], are the fractional translations
connected w1th the point-group elements g; € G. Then
each colour point group 6P = {{p:; €} engenders
one and only one colour space group G"*
TOEP = ¢~ [ G'P), isostructural to G. The struc-
ture of the colour space group is given by the coset
decomposition
161 16l

U Tm(Pi; g)= U Tm(Pi; (éIITx)>

i=1 i=1

GP = (21)

Here the elements (1|t) € T are combined with iden-
tity ep € (A, A'),, to obtain (ep; (1|1))e TV The coset
representatives g; = (g;|7;) in the decomposition (20)
are paired with the permutations p; € (A, A'), of the
correspondmg colour point-group elements {p;; ;) €
G in accordance with (19).

Here is the place to discuss one of the main prob-
lems of the classification and tabulation of any kind
of groups, namely the group-equivalence definition.

There are 230 space-group types in respect to the
proper (or orientation-preserving) affine equivalence:

Gz~G|=a/62a_], G€ﬂ+. (22)

The problem of colour-group equivalence is con-
siderably more complicated. Its definition depends
on the presumable applications of these groups (e.g.
Schwarzenberger, 1984).

For example, Koptsik & Kotzev (1974a) proposed
a colour-group-equivalence definition (we shall call
it ‘crystallographic’ equivalence), replacing in (22) G
by G and «* by S, x #*, and reformulated it as
follows: two colour groups G\"’=G,/H}/H, and
G'"' = G,/ H}/ H, are equivalent if there exists a proper
affine transformation a € &, such that

Gz=a,G,a" and Hy=aH'\a™", acsA”. (23)

If the groups G\”’ and GY"’ are isostructural to the
same group G, i.e. G, = G,= G, then H| and H; are
subgroups of G, conjugated by a proper transforma-
tion 2" of the affine normalizer of G(2" € N4(G)),
as well as H, and H,. The crystallographic definition
(23) was applied to the Shubnikov groups and to
most of the published colour-group tables (see Table
34).

However, for applications in physics it is not the
best chonce the permutational representations D%
and Dg 2 associated with colour groups equivalent by
(23) may not be equivalent representations of G. This
means that physically different phenomena (e.g. two
different phase transitions) would be assigned to the
same class of colour groups. As is well known, in
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Table 1. Colour groups with G= C,

TABLES OF COLOUR SPACE GROUPS

Table 4. Colour groups with 6= C,

No. Ci/H'/H(AA), it 1 ‘I, No. CYH/H(AA), i1 23 4 °I'' I,
1.1 Ci/CYC,, C), k1 1 4.1 CiICHG,, C))y k1111 1 1t
42 cl/ci(c,, C) k1 2 3 4 1+

Table 2. Colour groups with 6= G

No. CiI/H/H(AA), it 1 °It Ty .
"y Ch NG, C P : " Table 5. Colour groups with G = C,,,
22 CyckG, o), k1ot No. Ci./H'/H(A,A), i 1 23 456 °*I'f I; I TI;
. 501 Co/CX(Dy,Cy k: 1 1 11 11 1 1 1 1
Table 3. Colour groups with G = C, 52 CL/CNCLCor ki1 13224 1 . . 1t
No. CyH/H(AA), it 123 Iy I, 53 CiL/CX(CpC)y ki1 23123 1 . 1t
3.1 C4y/CH(Cy, €y, k111 1 1t 54 Ch/CHCy,C); k1 1 1 1 11 1 1t
3.2 Ciy/CY(Cy, O, k1203 1t 55  Chu/Can(C,C)y ki1 23 45 6 1t

Table 6. Colour groups with 6= D,

456789 I, I, I, I,

No. Dy/H'/H(AA), it 1 2

6.1 D4/ C¥(D,, C\)s k11 111111 1111
62a DY CYNC,, €y ki 11 233333 1 1t
62b Dy/CYNC,,C)y ki1 2 2213 33 1 1t
62c Dy CYNG,C)y ki 11 233333 1ot

6.3 D3/ D5(C,, C)), k1 2

physics the inequivalent representations are related
to different phenomena (e.g. different phase transi-
tions, energy levels, selection rules, non-zero tensor
components).

For this reason we have adopted a different
approach to the problem, similar to that of van der
Waerden & Burckhardt (1961) and Litvin, Kotzev &
Birman (1982), namely the original crystal structure
and its symmetry group G are given and the colour
groups isostructural to that G are to be classified.
Two colour groups G/ H}/ H, and G/ H/ H, isostruc-
tural to a fixed space group G are equivalent if H} and
Hj are conjugated subgroups of G, i.e.

G,=G,=G, H,=gH'g™', geG. (24)

We shall call the definition (24) a ‘physical’
equivalence. Obviously, in this case H, =Core H} =
Core H,= H,= H. The equivalence of the colour
groups means an equivalence of their permutational
representations DY’ So the symmetry properties of
different physical phenomena related to a given struc-
ture and transformed by inequivalent permutational
representations of its symmetry group G are des-
cribed by inequivalent colour groups.

For the colour space group with colour-preserving
lattice two colour groups G/H}/H, and G/ H3/ H,

are equ1valent if and only if their colour point groups
G/H’/H, and G/Hz/ H, are equivalent. This asser-
tion follows directly from the homomorphism ¢. It
allows us to predict exactly the number of all possible
classes of equivalent colour space groups with colour-
preserving lattice, isostructural to a given G, and to
derive their representatives using the procedure
described for constructing these groups.

3.2. Description of the tables

The list of the colour space groups G'7'= TGP
is given in Tables 1 to 32. Each table contains the
groups G'” with the same G =G‘”/T". In order
to get the most compact form of the tables it is more
convenient to use the Schoenflies notation. In this
notation the full symbol of the derived colour space
groups can be obtained from the corresponding
colour point-group symbol G/H /H(A A'), by
adding appropriate upper indices i, j, k of the space
groups G, H', H, respectlvely When H'= H, the
colour-group symbol is given in a reduced form
G/H(A, A"), and only the indices j and k are
sufficient. The upper index i of the space group G is
given in the head row of each table. In the column i
one can find the corresponding indices j and k, if one
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Table 9. Colour groups with G = C,

Table 10. Colour groups with G=85,

No. Ci/H'/H(AA), i 1 23 4 56 °I, I, I No. SyH/H(AA), i 1 2 °I, I,(I, I
9.1  CyYC{(CeC)s ki1 1 1 1 1 1 1 1 1t 1 101 Si/Ci(Cy, Oy ki 1o1 11t
92  CUCHCHC), k1 21 233 1 1t 102 Si/C3(C,C); ki1 3 1 at
93  CYCH{C,C), k1 23 456 1t 103 Si/Sk(C,, o), k12 1t
Table 11. Colour groups with 6= Can
No.  Cliu/H'/H(A A), 123456 °ry Iy ry) r; r;a; ri
1.1 Cip/CX(Can, Cy)g k1111 11 11 11 1 1 11
112 Ci/C¥(D,, C)s 111133 11 11
113 Ci/CNCe, C)s 11223 4 11 11t
114 Ci/CACs, C))s 111111 11 1t ot
1.5 Chin/S5(Cy, Gy, 1111 22 1 1t
116 Cin/CXCy, C)), 131356 1 1+
1.7 Cip/ Cin(Cy, Ch)y 114436 1t
1.8 Ci/Chi(C,, T, 123456 1+
Table 12. Colour groups with 6= D,
No. Di/H'/H(A A), i 12345678910 °I, I, I, I, I
12.1 D:,/Ci‘x()f)hg)s ) 5:1 111111111 11 1 1 2t
122a D}/ CY/CA(D,, Cy), jo1 212121233 1 1.1t
122b  Dy/CS/CHD,, Ch)s j: 3333333333 1 1ot
123 DL/ CE™(D,, C)), k1122112233 111 1
124a D/ DY(C,, Cy), k:6 6 5566 55717 1 1t
124b DL/ DX(C,, Cy), ki1 3 2 4132 4389 1 1t
125 DL/CXG,, C), k11223344356 11t
126 Dy Di(C,,C), k1 23 456 7 8 910 1t
Table 13. Colour groups with G= Csy
No. Ci,/H'/H(A A, e 1234567 8910112 °Ir, I, I, I, I
131 CL,/CYDs, Cg kk 111111111111 11 1 1 2t
132a C4,/CY/CUDs,Ch)s j: 1 2 22 2 21 23 43 4 1 1.1t
1326 C4,/CY/CU(D,,Ch)y j: 3 3 3 3 4 4 4 43 3 4 4 1 11t
133 C4,/C¥(Dy, €y kk 111111113333 1 1 1
134a  C.,/CH(Cy, Gy, ki 111111 1113 13 13 13 18 18 19 19 1 1t
134b  Ci,/C3,(Cy, C)), k: 1 8 310 310 1 820212021 1 1t
135 C4,/CHGCy, O, kk 1133113353566 11t
136 Ci,/CE(Cy, Cy ki 123 456 7 8 9101112 1t
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A
Table 14. Colour groups with G = D5,

No. Dyy/H'/H(A, A, i 1 23 456 7 8 9101112 Iy Iy, Iy Ty T

14.1 D4/ CY(Ds, Cg ke 111111 11111.1 11 1 1 2%

142 Dy /CYy/CUDy, C)a  j2 11 2 233333333 1 I £

143 Di,/CY/CUD,,CYs j: 3 4 3 41 2223 43 4 1 11t

144 D/ CY"(Dy, C))y kk 1 1 1111113333 11 1

145 D,/ Ch.(Cy, C)); k: 11131113 1 3 81020211819 1 1%

146 D3,/ D5(Cy, Cy), ki 1133666 6 7 789 1 1t

147 Di4/S5(Cy, Cy)s kk 111111112222 1t

148 Djy/D5,(Cy, C)), ki 1 2345678 910112 14

Table 15. Colour groups with G = Dy,

No. Dy,/H'/H(A A, i 123 456 $ 91011 121314151617 181920 Iy Iy I3 Iy I's I's Iy Iy I'y IS
151 D/ Ci(Dan, Cihio kk 111111111 1 11 1111117141 11 1 1 1 1 1 1 2 2
152a Diyp/C8/CH( D, Chdy j: 11 1122221 11122223333 11 11 11
1526 D/ CY/CHDey, Ch)y j2 3 333333333333 3333333 11 L | A T B |
153@  Dyn/CU"/ CHDan, Ch)y  J: 122222121 222221234334 1 | IR T . (S 1
1536 D4y/C M /CHD4, Ch)y j: 3 43 43 4 3 4 43 43 43 4333 44 1 1 11 ||
154 DL/CiD,, Cy kk 1122112211221 2233 44 1 1 1 1 2t
1550 Dy /COV/CHDCs j: 1 4 610 2 7 7 91 4 610 2 7 7 920222221 1 1 . 1t
1556 D4/ CEM/CH(D,y, Ch)e j: 14 16 1517 14 16 15 17 16 14 17 15 16 14 17 15 18 18 19 19 1 1 1t
156 D4/ CHDy, Cg kK 1111111111111 1 1 1 1 2+
157a D4/ C5)/CHDs, Ch)a 1 4 44552 5144455253636 1 1 . 1t
157b D/ CS"/CHU(Dy, Ch)a 36 36 363663636363 36 6 1 1 1t
158 Diu/Ci(Dyn, Cis kk 1111111111111 111333S3 111 1 111
159 Di/Cin(Dy, C)a ki 11 4 41 1 4411441 144336°F6 1 1 1 1
15.10a D,/ D3(D,, C)a k11113333 111133338E8$939 11 11
1510 D},/ DY (Dy, C))a ki 6 6 6 6 6 6 6 6 6666666671717 11 (I
15.11a D/ Ch(Dy, C))a k: 1 3 810 810 1 3 1 3 810 810 1 320212021 1 11 1
15.11b D4,/ Chi( Dy, Cy)s ki 11131113 1113 1113 13 1113 11 13 11 13 11 18 18 19 19 1 1 11
1512 D4/ Ci(Dy, C)s ke 1111 111133333333S5$56°6 | A T
1513 D4,/S5(Dy, C))a k111111111 11111112222 1 1 1 1
15.14a D,/ D34(Cy, C))2 ki 56 78 7856567878356 910910 1 1t
15.15a D4,/ Dh(Cy, Cy)y k: 192021 22 19 20 21 22 20 19 22 21 20 19 22 21 23 23 24 24 1 1t
15.14b  D},/ D5,(Cy, C)); ki 12123 434212143 4311111212 1 1t
15.15b  Dj,/ D3,(Cy, C)); ke 13 4 29121310 1 3 4 2 91213102526 2827 1 1t
15.16 D4,/ Ch(Cy, C), ke 152626 1573848473 9101112 1 1t
1517 Diy/ Chn(Cy, C))y ki 1133 1 1332 24422445566 1 1t
15.18 D4,/ Di(Cy, Cy)s ke 1 111 2222555566669 91010 1t
1519 Diu/ Ds(Cy, Cy ki 123 45678 91011121314151617 181920 1t
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Table 16. Colour groups with G= C;
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Table 18. Colour groups with G =D,

No. Ci/H/H(AA), i: 1 2 3 4 °I (T, ‘T)" No. Di/H'/H(A A, it 12 3 4 7 °I, I, °I:
161 Ci/CHGCy, C)s k111 11t 18.1 D}/ Ci(Dy, ) k111 1 1 1 2t
— 182 Di/C4/CUDy,Cy)s j: 3 3 3 3 301 1t
162  Ci/Cx(C,,C), k1 23 4 11
183 D}/ CX(Cy, Cy), k:1 1 22 4 1 1t
184 Di/D%(C,, C\) ki1 2 3 4 7 1t
Table 17. Colour groups with G = Cs; LA
group Y Table 19. Colour groups with G = C,,
No. Ci/H'/H(A/A), it 1 2 *I't (°r;y °ryy ry (r; r; -
: No. Ci,/H'/H(A A", i 123 6 I, I, 'l
171 CL/CHGCe,C)s k1 1 1 1 1 1 1t ot -
- 19.1 Ci,/Ci(Ds, C)s k111 1 1 1 2t
172 CyL/CHCy,C)y ke 1 1 1 1t 192 Ci,/Cl/CHDy,C);  j: 3 3 4 4 1 1t
173 CL/CH(Cp, Gy ki 1 4 1 1t 193 Ci,/CHGCy, C), k111 4 1 1t
174 C3,/C3(C,C), ki 1 2 1t 194  CL./CEAC, C, kel 2 3 6 It
Table 20. Colour groups with G = D;,
No.  Dj,/H'/H(A A), i 123456 *rfryry r;‘ryr;
201 D34/ CY(Dg, C )iz k1111 1 1 1 1 1 1 2 2t
202 D34/ Ch/C\(Ds, C)s j 333333 1 1 1ot
203  Di,/Cl/CUDg, Chs j: 3 4 3 43 4 1 11t
204 D}/ CH(Ds, C)s k1111 11 11 2t
205 D3,/ Cyn/CHDs, Co)s j: 36 36 36 1 11
206 D3,/ C5(Dy, C)a k1111 4 4 | S IS B
207 D,/ C5(Cy, Gy, k:2 41356 1 1t
208 D,/ DXC;, G, k1122717 1 1t
209 D,/ CY(Cy, C)), k111122 11
2010 D},/D5,(C,, C), ki1 23 456 1t
Table 21. Colour groups with G = Cg
No. CLH/H(AA), it 1 23 45 6 I (L ‘L)L T
211 Ci/CE(Ce, Cy)s k111111 1 1 1 1t ot
212 CY/CXGy, C)s k:1 2 211 2 11t at
213 Ci/CXGC,, C)), k:1 23 3 21 1 1t
214 Cy/CEC,, Cih k:1 23 45 6 1t
Table 22. Colour groups with G = Cs,
No. Cin/H'/H(AA), it 1 Ty Oy °h) Ty (55 T)
221 Cin/CY(Ce, Ci)s ki1 11 1 1 ot
222 Ciu/C¥HGCs, C))s ko1 11t ot
223 Ci/CXGCy, Oy, ki1 1 1t
224 Ci,/Cin(C, C)y ki1 1t
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Table 23. Colour groups with G= Cen

No.  Ci. H'/H(A A, it 1 2 It ry ry r; Cr; ‘r;)(rs rr; r s re)
231 Cin/CH(Cen Cihrz k11 11 1 | S W S A N SR B |
232 Cin/CE(Ce, Cr)e k11 1 1 11 11t
233 Cen/C5(Cs, Ceo k1 2 1 1 11 111t
234 Cen/CHCe, C))o k11 11 11 1t ot
235 Cin/CEa(Cs, C))s ki1 2 1 1t 1t
236 Cen/C(D;, C))s k11 1111
237 Cin/CE(Cy, €, k11 1 1t
238  Cen/CE(Cy, Ch)2 k1 6 1 1t
239 Con/C3(Cy, ), ki 11 1ot
2310 Cla/CELCy, T, k: 1 2 1t
Table 24. Colour groups with G = D,
No. Dg/H'/H(AA), i1 23456 ‘I, Iy I, Iy I
241  D./CY(Dg, Ca k111 1 1.1 1 1 1 1 2t 2%
242a DL/ CY/Ci(Dg, Chs j: 333333 | A R B b
242b  Dy/C4'/Ci(De, Ch)e j: 3333 33 1 11 1%
243 DL/CX¥(Dy, C)s k122112 1 1_ o 2t
244 DYD,CXD, Cyy, j: 65566 5 1 1+
245 D/ C5(Dy,Cy)s k1233 21 111
246a Dy D5(Cy, C)), k:2 4 6 6 4 2 1 1%
246b D/ DY(C,, C)), ki1 3 55 31 1 1 o
247 DY CEGC,, C), ki1 23 456 [
248  Di/D§(C,,C\) k1 273 456 1+ )
Table 25. Colour groups with G =Ce,
No. Ci/H'/H(A A), i1 23 4 I, 1‘,'1‘3 Iy ‘e T
251 Coo/CY(Ds, C)y ke 1111 111 2t
252a  Ci,/CY/CY(Dg, Ch)e j: 3 43 | S S B L
252b  Ci,/CY/CY(Ds, Chs j: 4 43 1 11t
253 Ci./Ch(Dy, O ke 11 22 11 2+
254 CL/Ch/CYDy, Cy)y  j: 11131212 1 1+
255  Ch/Ci(Da, Ca k1111 1111
256a  CL./CX(Cy, C)); k1 3 3 1 1 1t
- 25.;‘(‘;,0/@”(@.6,)2 ki 2 4 2 4 L
T %1 cwcieoy, k1166 1w
8 Ciol Cou(Cy, O ke 123 4 1t
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Table 26. Colour groups with G= D,

No. Di./H'/H(A A)., it 234 I, I, Iy I, I Is
261 D3,/Cy(Ds, Ci)y; k: 111 1 1 1 1 2t 2t
262 D3,/C5/Cl(Ds, Ch)s j: 333 1.1 .11t
263  D;,/CY/C)(Dg, Chs j: 4 3 4 1. .1 1t
264 D3,/ Ci(Ds, Cs k: (0 T T LS U

265 D5, /Ch/CND;, Gy j: 1416 14 16 | |
26.6  Di,/C5(Dy, C))s k: 111 1111

267 D}/ CH(C,, C)); k: 324 1 1t

268 D.,/DYC,, C)), k: 1 2 2 1 1t

269  Diu/Chi(Cy, C)), k: (R U T Wt

26.10  Diy/ D3, (Cy, €y k: 23 4 0t

bears in mind the following. All the colour-group
symbols with the same H (i.e. the same index k) are
collected in separated blocks, in the first row of which
the ‘reduced’ symbol G/H(A, C,), and the index k
of the group H are given. The index j of H' can be
found in the row of the corresponding colour-group
symbol G/H'/H(A, A'),.

For example, the ten colour space groups
0./ Dj}/ D¥(Dg, C})sin Table 32 can be derived from
the point group O,/D./D,(Dg, C3)¢ by using the
following index correspondence:

W i= 1 2 3 45 6 7 8 910
D, j= 1 1 55 9 91010 910 (25
D&, k= 11117777 809

In the list the running number of each G'¥’ =
TYG® can be presented as Ni, where N is the
number of its colour point group G'?, used in the
tables of Litvin, Kotzev & Birman (1982) and given
in the ‘No.” column, and i is the upper index in the
Schoenflies symbol of G. Running numbers from
32.25.1 to 32.25.10, respectively, should be assigned
to the ten groups in our example (25).

In Table 33 the numbers of the isogonal space
groups G, the isostructural colour ?omt groups G"*
and the colour space groups T"G'” engendered
by them are given for each of the 32 point groups é.
Owing to the equivalence definition used the number
of G'P) is equal to the product of the isogonal space-
group number and that of the isostructural colour
point groups G*7. Generally this is not true for any
other equivalence definition.

In Table 34 the 2571 groups T G‘® are classified
in the 45 chromomorphic classes (A, A"),. In the
columns Ngy+ and Ng the colour-point-group num-
bers are given in the sense of the equivalence
definition (23) and (24), respectively, for each
(A, A’),. The number of the space groups T G'"

derived using our equivalence definition (24) is given
in the Ng column. Lists of colour space groups
belonging only to some chromomorphic classes have
been published by other authors. The number of the
colour space groups derived by them are given in the
‘Other lists’ column. There is no discrepancy between
their and our tables, if one takes into account the
difference in the equivalence definition. Koptsik &
Kuzhukeev (1972) have published the full list of
colour space groups belonging to the chromomorphic
class (D;, C,)s and only the number of those belong-
ing to the classes (D,, C,),and (C,, C,),., n=3,4,6.

Rama Mohana Rao & Kondala Rao (1983) have
used a method for constructing some colour cubic
space groups, which was originally proposed by
Shubnikov & Koptsik (1974). But the list of the
derived colour groups is incomplete and contains
some errors. For example, the group P2,3® in their
tables should not exist; it is not included in the tables
of Zamorzaev et al (1978) either. Neither can the
groups derived as its extensions exist.

In Tables 1 to 32 the multiplicity (D& |D&) with
which the irreducible representations D of G appear
in the associated permutatlonal representations
D =3, (D& | DE)DY is tabulated.

The permutatlonal representatlon D& of the colour
space group with colour-preserving lattice alleie
is engendered by the point-group permutational rep-
resentation D& :

DS =¢ '[DE]=DEMG. (26)

The multlpllcny of the irreducible representation

Dé=T; of G in DG is equal to the multiplicity of

k=0 irreducible representation DY of G, engen-
dered by I,

(DG | D)=

(DE|(I;M G)=(DE|\I).  (27)

Therefore, the notation of space-group-irreducible
representations DY = (I;11 G) is given for short in



J. N. KOTZEV AND D. A. ALEXANDROVA

1093

Table 27. Colour groups with G = Dy,

No. D/ H'/H(A A),

12 3 4

rYory r;or; Iriory g

ry °re rg I Iy

271 Dgu/ Ci(Dgnr C)2a k1111 1 1 1 1 1 1 1 1 2 2 2 2
27.2a D,/ CY/CH{Dgp, Ch)1a ji 3333 11 . 11 1 1 1
272b  Dgu/ C5'/CY(Dgp, Cha ji 3333 11 11 11 11
273a D,/ CY/CY(Dgy, Chia ji 3 4 4 3 1 1. 11 11 1
27.3b  Dgpn/ C%/ CY(Dgn, Ch)iz ji 3 4 3 4 1 11 1 1 1 1 1
274 Dgu/ C¥(De, Cy)y2 ke 11 11 1 1 1 12 2t
27.5a  Den/ C4,/ C5(Ds, Ch)e i 1416 14 16 1 11 1
2156 D,/ Chl/CE(Dg, Che i 1416 16 14 1 1 1 1t
216 Den/ Ci(Ds, Ci)iz k 1111 1 1 1 1 2 2t
217a D,/ C¥/ CHDs, Ch)e j 36 6 3 1 1 1 1t
2776 D,/ Cul/CH(Ds, Ch)e j 36 3 6 1 1 1 1t
2718 Du/ C5(Ds, Cihyy k1122 1 1 1 1 2 2t

219 Dgu/ D5/ CH(Dg, Che i 66 55 1 1t

2710 D,/ Ch,/C5(Ds, Ch)s jio1m 1312 12 1 1 11t

2711 Dgu/ Ciu( Dy, Ce k 112 2 S 2t

2712 Din/ Dss/ C54(Dy, Cy)s ji 192017 17 O £

2713 Dew/ C3(Dap, Cy)g ke 1111 1111111

2714 D,/ C5(Dy, C))a k111 1 1 1 1 1

2715 D/ CE(D,, Cy)s ki 116 6 111

2716 Diy/ Cin(Ds, C,)a ke 1111 1 1 1 1

27.17a Dj,/D%(D,, C\), ke 222 2 11 11

27.17b  Di,/ D¥(D,, C))a ke 1111 11 1

27.18a Diy/C5.(D;, C))s k13 31 1 1 11

27.18b  Diu/ Ci(Dy, Cy)a ke 2 4 2 4 1 11 1

27.19a D,/ Dys(C,, C)), k: 3 4 3 4 R £

27.20a Dyy/ D54(Cs, C)); ke 3 4 43 1 1t

27.19b  Diu/ D5n(Cy, Cy),y ke 12 21 |

27206 D,/ Dy5(Cy, €1 k 121 2 1. ..t

2721 Diy/CE(Ca, Cy)y ke 1.2 3 4 1 1t

2722 Dgp/ Cen(Cy, C1)2 kk 11 22 1 1t

2723 Di/D(C,, Gy, kk 1166 11t

2724  Dg,/D§,(Cy, C), ke 1 2 3 4 1t

Table 28. Colour groups with G=T

No. T'/H'/H(A A), i1 23 45 I, (I, Iy T
281 TY/CHT,C k:1 1111 1 1 1 3t
282 T'/C4/CUT,Cy)s jo 13323 1 1 1 1t
283 T'/Cy/CUT, Cs)a jo 4 4 4 4 4 1 . . 1%
284 T'/D3(Cs,C))s ki1 7 8 49 1 1% 1t
285 T'/THC,,C) k1 23 45 1t

the first lines of the tables by the symbols of the
related point-group irreducible representations I,
using the symbols and enumeration of Koster, Dim-

mok, Wheeler & Statz (1963).

In our example (25) all the ten representations Dg',4
are engendered by the same permutational rep-
resentation of the point group Dg:= D511 O, =
FT+Iy+r3+r5:

Dot = D811 0}
=T 04+ 71104+ [T 04+ 5110}

= DO+ L pO1- L pO3+ L (O3 (9g)

In our next paper (Kotzev & Alexandrova, 1988)
the colour space groups with colour preserving trans-

lations and the corresponding tables are applied in
the analysis of equi-translational phase transitions in
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Table 29. Colour groups with G=T,

No. Ti/H'/H(A A), i: 1 23 456 7 °*If(ry ‘ry)*ri ry (r; I3

291 Ti/CHT,, C k11111 11 1 1 1 301 1 1

292 T,/CY/CYTh, Coa j: 1.2 3 43 2 4 1 1 1 1 .

293 TL/Cy/CHTh, Coiz j: 1133323 1 1 1 1 11 1

294 T,/Ci/CYT,, Cys j: 4 4 4 4 4 4 4 1 . 1 1

295 T/ Ch/CiThCapds j: 110181920 521 1 1 1

296 Th/DX(Cs, Ci)s k11778409 1 1 1 1 it at

29.7 LI TG, C), k11223 45 1 . . . 1t

298 Ti/CHT,C)y, P73 T T T T T T | 1 1 1 3t

299 T/ Ci/CUT, Co)s j: 1 43 6 3 56 1 1 1 1t

29.10 Ti/Ch,/CUT, Cy), jo 2222222 1 . . 1t

2911 T4/ D5,(Cs, C))s k: 1 22324251527 1 1t 1t

29.12  Ti/T(C,, C), k123 4567 1t

Table 30. Colour groups with G =0

No. O'/H'/H(A A'), it 123 456 78 ‘I I,°'r, rt-rt
301 0'/CYO,C)) k11111111 1 1 2 3t 3t
30.2 o'v/cg./c}(o.cz).2 jg 11333223 11 2 1 1
303 O'/CY/Ci(O, Ch), j: 33333333 1. 1 1t 2t
304 0'/CH/CHO, Cy)q j: 4 4 4 4 4 4 4 4 [N I & |
305 0'/DY/CH(0, Dy j: 6 6 89 75571 1 1.1t
306 0'/Ci/Ci(O,Cys jo 13565426 1 1ot .
307 O'/D/C(O, Dy), i 171111117 1 1t
308 0'/D3(Ds, Cy)s kkt 1778449 1 1 2t
309 O'/Di/DX(Dy, G jo 1. 5910 9 410 1 1+

3010 O0Y/T*(G,, Cy),

-
—-
¥}
~
w
IS
IS
[
-y

30.11  0'70%(C,, C), k:1 23 456 78 1t

Table 31. Colour groups with G=T,

No. TY/H'/H(A A), i 123 456 °I I, r, Iyl
31 TY/CXO,Cy)as ke 111111 1 1 2 3t 3%t
312 Ty CY/CHO, )iy jo 1331 33 11 2 1 1
313 TL/CL/CHO, Ch, ji 333 4 4 4 1 11t 2t
314 Ty/Ch/CHO, Cy)g ji 4 4 4 4 4 4 11 11
31.5  T4/Ch./Ci(O, Dy j: 112018 13 21 19 1 1.t
316 T4/S4/CiO, Cys joo1 221 22 1 |
31,7 Ty/CL,/CHO, Dy), j: 5556 6 6 1 1+
318  Ty/Di(Dy, C)s k 78179 11 2t

319 Ty/Dhy/DX(Ds,Cy)y  j 911 21012 1 1t

3110 Ty/ TG, C),

x~
N
w
N
w
-+

311 TY/ TG, Ch k1 23 456 1+
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Table 32. Colour groups with G = O,

OL/H'/H(A, A),

No. ii 12345678910 °ry r;y°ry ryri ri ry ry r; rs
321 0,/C{(0,,Cug kk 1111111111 1 1 2 3 3 1 1 2 3 3t
322 0,/CHC(O4, G 4 1111333333 1 1 2 1 1 1 1 2 1 1
323 04/CH/Ci(On, C)se o1 212334434 1 1 2 1 1 2t 2t
324 o;,/CQ{/C}(o,,.C’Z)Z,, j; 333333313233 1 11 2 1 1 1 2f
325 0,/CY/CY(Oy, Cl)z ji 3 4 433 43 43 4 1. 11 2 11 2t 1
326 04/CH/CY(O,, Cihe i 4 4 4 4 444444 1 1 111 1 .1
327 0,/Ci/Ci(On, Coha jo 1133556656 1 11 1 11
328  0}/S4/Ci(O,, Ci)ia jooo1 1112222 22 1 11 11 1
329 0,/CL/CY(Oh, Gl ji 110 11018 18 19 19 20 21 112 . A
3210 0,/D7/Ci(Oy, DY)z j: 6 6 6 6 8 8 9 9 77 1 1 11 1 1
3211 0,/C4,/C}(Oy, D)y ji o 1113131120212021 1819 1 1 1 R T B
3212 0,/C3/Ci(0,, CL), i 1417161520222221 1819 1 1 1 1ot
3213 0,/ D)/ CH(O,, Ds)s o011 17 7171171 1 11 R ¢
3214 0,/Ci,/Ci(Oh, Ds)g ji 5665565656 1 N e e
3215 04/C},/ C\(Oy, Cav)s i1 6 7 4 9101112 912 1 R A
32.16 0}/ D%4/ C}(On, Cap)e ji 5 8 5 811111212 910 1 1 1t
3217 0,/CHO, C))sa kk 11111111 11 11 2 3 3t
3218 0}/ Cin/ CHO, o)y, j: 1 414336636 1 1 2 1 1
3219 04/CH/CHO, Chh, ji 366 3363636 1 11t 2t
3220 0,/CL/CHO, Gyl jio2222222222 1 1 . 1F 1
3221 0,/Cin/CHO, Cus i 1324556656 1 11
3222 05/D3#/Ci(O, D) jo 192220212526 28272324 1 [ &
3223 05,/D5,/CHO, Dy), i 56 6 5565656 1 1+
3224 04/ D5(Dy, C)yz kk 1111777789 1 1 2 11 2
3225 0}/ D4/ Dy(Dy, Ch)s j 5 1155991010 910 1 1 1 1t
3226 O}/Dha/D¥(Dg, Ch)s jo 1.2 21 910 91011 12 1 1 11t
3221 0,/D5u(Dy, C))s ke 1 21 2232324242527 1 1 2t
3228 O/ Dhu/D5W(Ds, Cy), ji01 4 912171819201720 1 1t
3229 04,/ TX(D;, C))a ke 11112222335 11 11
3230 0,/ THCy, C)2 ki 1 441252536 1 1t
3231 04/0%C,, C)), ke 112233 4458 1 1t
3232 0L/ THC,, C)), ki 1 2123 3 4457 11t
3233 0L/0KXCy, C), ke 1 23 456 78 910 1+
Table 33. Crystallographic_classification of G'P’=  two main directions: the classification of the phase
TOGP transitions and the application of the known group-
) - theoretical criteria required in the Landau theory in
( P A A . PO
No. G G G G*® No. G G G® G terms of colour groups (Birman, 1978; Litvin, Kotzev
1 ¢ 11 1 7 G, 2 4 g & Birman, 1982). . . .
2 G 1 2 2 8 D, 1 4 28 The irreducible representations I listed in Tables
3G 32 6 v G, 6 4 24 1 to 32 with superscript ‘s’, °I;, do not satisfy the
¢ G 4 2 8 W Dy o6 1060040 gability criterion. The physically irreducibl
s Cn 6 S 0 2 G 6 4 andau stability criterion. :.p ysically irre pcn‘ ?
6 D, 9 5 4 2 G, 1 4 4 representations I’} or (I';+ I'f) with a superscript ‘h
7G5 10 B Cu 2 1020 dg pot satisfy the Lifshitz homogeneity criterion. The
8 D,, 28 16 448 24 D, 6 10 60 lici b DH' | DY) i ed with
s ¢ 6 3 18 3 G, 4 1 a4  multiplicity number (Dg | G(o?' is marked with a
0o s 2 3 6 26 Dy, 4 10 40 dagger if for the triad (G, H', D5") the Birman chain-
G, 6 8 48 27 Dy 4 32 18 gyhduction criterion is satisfied [G and H' are in the
12 D, 10 8 80 28 T 5 5 25 , B (0)j PO
13 Coy 12 8 96 29 T, 712 84 symbol G/H'/H(A, A"),, and Dg”« I} is in the
:: gzd ;é 25 Sgg g? TO 2 :: f,ﬁ head of the corresponding column].
ah d (1) A(P) H
6 C 4 3 p 2 0, 10 33 330 Fpr 1587 of: all 2§71‘gr0}1ps T G the Birman
Total 230 279 2571 chain-subduction criterion is satisfied. This number,
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Table 34. Chromomorphic classification of the G'*) =
T(I)G(P)
. . Other
No. (AA), N+ Ng Ng lists
1 (Cy, Cy)y 32 32 230 230
2 (C2, C)2 58 73 750 674*
3 (G5, C)s 7 7 27 271§
4 (Cs, C1)s 4 4 20 201§
5 (Ce, Ci)s 7 7 22 221§
6 (Cany C1)s 1 1 6
7 (Cen» Cii2 1 1 2
8 (Dy, Cy)s 26 34 473 421§
9 (D34, Cy)g 3 3 52
10 (D3, Ch)e 10 10 61 61§
11 (Dy. Cy), 10 10 61 6119
12 (Dq4, Cy)s 5 5 74
13 (Dy, C3)s 6 10 148 1489
14 (Dan, Cihe 1 1 20
15 (Dan, C2)8 2 4 80
16 (Dg, Ci)12 8 8 4?2
17 (Dg, Ch)s 12 16 84 849
18 (Dgn, C1)24 1 1 4
19 (Dgn, C2)12 2 4 16
20 (T, )2 2 2 12
21 (T, Cy)s 2 2 12
22 (T, G3)a 2 2 12 129
23 (Th, C)24 1 1 7
24 (Th, Cy)12 1 1 7
25 (Th, C3)s 1 1 7 79
26 (T, G2 1 1 7
27 (Th, Cau)6 1 1 7
28 (0, Cy)z4 3 3 24
29 (0, C3)y2 3 3 24
30 (0, Ci), 3 3 24
31 (0, Gy)s 3 3 24
32 (O, Cy)s 3 3 24
33 (O, D3)s 3 3 24
34 (O, Dy)y 3 3 24 249
35 (O4, Cy)as 1 1 10
36 (Oh, C3)24 1 1 10
37 (On, G, )24 1 1 10
38 (O, C3)24 2 2 20
39 (O, C3)rs 1 1 10
40 (On, Cihrz 2 2 20
41 (O, Cap)r12 1 1 10
2 (Oy, D)y, 2 2 20
43 (On, C3 )12 1 1 10
4“4 (On, Dy)g 2 2 20 209
45 (On, Cav)s 2 2 20
Total 244 279 2571

* Zamorzaev (1953), Koptsik (1966).
1 Zamorzaev ef al. (1978).

+ Harker (1981).

§ Koptsik & Kuzhukeev (1972).

¢ Karpova (1983).

as it must be, coincides with the number of the equi-
translational ‘epikernels’ derived by Ascher (1977).
This is another piece of evidence for the accuracy of
this part of our list. Comparison of our tables with
those of Ascher (1977) helped us to find some of
Ascher’s misprints: in his Table 5 it is necessary to
interchange C3 and C3 in the D3 column; in Table
8 C3, should be replaced by C$,, in the D13 column;
in Table 14 D5 should be replaced by D3 in the D¢
column, and the second C, should be replaced by C,
in the D;, column.

TABLES OF COLOUR SPACE GROUPS

The stimulating discussions of the main results of
this paper, presented at the III International Seminar
on Group-Theoretical Methods in Physics in 1985,
with V. A. Koptsik, J. L. Birman, Yu. M. Gufan,
V. P. Sakhnenko, R. Galiulin and G. M. Chechin are
acknowledged. The authors thank Professor Dr H.
Wondratschek for useful discussions on the problem
of colour-group equivalence, as well as for the sug-
gested term ‘colour preserving’.

References

ASCHER, E. (1977). J. Phys. C, 10, 1365-1377.

BERENSON, R., KOTzEV, J. N. & L1TVIN, D. B. (1982). Phys. Rev.
B, 25, 7523-7543.

BIRMAN, J. L. (1978). Lect. Notes Phys. 79, 203.

BRADLEY, C. J. & CRACKNELL, A. P. (1972). The Mathematical
Theory of Symmetry in Solids. Oxford: Clarendon.

HARKER, D. (1976). Acta Cryst. A32, 133-139.

HARKER, D. (1981). Acta Cryst. A37, 286-292.

JANSEN, L. & BOON, M. (1967). Theory of Finite Groups, Applica-
tion in Physics. Amsterdam: North-Holland.

KARPOVA, Yu. S. (1983). On the Derivation of the P-Type Minor
Space Groups. Candidate Dissertation, Kishinev Univ., USSR.
(In Russian.)

KoPTsIK, V. A. (1966). Shubnikov Groups. Moscow Univ. Press.
(In Russian.)

KoPTsIK, V. A. (1975). Krist. Tech. 10, 231.

KoPTsik, V. A. & KoTzEv, J. N. (1974a). Commun. Joint Inst.
Nucl. Res. Dubna, USSR, No. P4-8067.

KorPTsik, V. A. & KoOTzEv, J. N. (1974b). Commun. Joint Inst.
Nucl. Res. Dubna, USSR, No. P4-8068.

KOPTsIK, V. A. & KUZHUKEEV, ZH.-N. M. (1972). Kristallografia,
17, 705 [Sov. Phys. Crystallogr. (1973). 17, 622-627].

KOSTER, G. F,, DIMMOK, J. O.,, WHEELER, R. G. & STATZ, H.
(1963). Properties of the Thirty-Two Point Groups. Cambridge,
MA: MIT Press.

KoOTzEV, J. N.(1975). Methods of Generalized Colour-Group Theory
in Solid State Physics. Candidate Dissertation, Moscow Univ.,
USSR. (In Russian.)

KoTzey, J. N. (1980). Commun. Math. Chem. 9, 41-50.

KOTZzEV, J. N. & ALEXANDROVA, D. A. (1986). Group-Theoretical
Methods in Physics. Proc. 111 Int. Seminar, Yurmala-85, edited
by M. A. MARKOV, Vol. I, pp. 689-695. Moscow: Nauka.

KoTzEV, J. N. & ALEXANDROVA, D. A. (1988). In preparation.

KoTtzey, J. N, KOPTsIK, V. A. & RusTamov, K. A. (1983).
Group-Theoretical Methods in Physics. Proc. 11 Int. Seminar,
Zvenigorod-82, edited by M. A. MARKOV, Vol. I, pp. 332-339.
Moscow: Nauka,

KotzEey, J. N. & LiTvIN, D. B. & BIRMAN, J. L. (1982). Physica
(Utrecht), A114, 576-580.

LiTvIN, D. B., KOTzZEV, J. N. & BIRMAN, J. L. (1982). Phys. Rev.
B, 26, 6947-6970.

RAMA MOHANA RAO, K. & KONDALA RAO, M. (1983). Acta
Cryst. A39, 868-875.

SCHWARZENBERGER, R. L. E. (1984). Bull. London Math. Soc.
16, 209-240.

SHUBNIKOV, A. V. & KOPTSIK, V. A. (1974). Symmetry in Science
and Art. New York: Plenum.

WAERDEN, B. L. VAN DER & BURCKHARDT, J. J. (1961). Z
Kristallogr. 115, 231-234.

ZAMORZAEYV, A. M. (1953). Generalized Fedorov Groups. Candi-
date Dissertation, Leningrad Univ., USSR. (In Russian.)

ZAMORZAEV, A. M., GALYARSKII, E. I. & PALISTRANT, A. F.
(1978). Colour Symmetry, Its Generalization and Applications.
Kishinev: Shtiintsa. (In Russian.)



